With the increasing service life of a gear transmission system, the gear teeth become constantly worn and the gear clearance increases.
Introduction
With the increase in the service life of a gear transmission system, the gear teeth are continuously worn, resulting in an increase in the gear clearance. Clearance is the main reason for collision motion inside this system. Clearance will make the motion state of the system change or even create instability. erefore, it is very important to study the wear mechanism and the change in the system nonlinear state, as these attributes are of great significance for the design, monitoring, and diagnosis of the system. Currently, many scholars have researched the mechanism of wear failure, including the friction and wear mechanism of the medium belt [1] , theoretical and experimental investigations into the teeth wear of spur gears of heavy-duty machinery [2] , measurement of the mean wear coefficient [3] , theoretical study of wear in internal gears [4] , prediction of the steady-state wear rate [5] , and the wear characteristics, surface finish, and microgeometry [6] .
In the field of dynamics, Wojnarowski and Onishchenko [7] carried out analytical and experimental investigations of the influence of the deformation and wear on spur gear dynamics. Liu et al. [8] examined the dynamic response of the spur gear pair system and the interactions between bearing clearance and the backlash. Ding and Kahraman [9] studied the interaction between gear surface wear and gear dynamic response. Osman and Velex [10] studied the static and dynamic simulations of mild abrasive wear. However, this literature did not consider the nonlinear characteristics of the system. Shen et al. [11] focused on the nonlinear dynamics of a spur gear pair with a slight wear fault, where the backlash, time-varying stiffness, and wear fault were all included.
ese studies all focused on the single pair gear model and neglected the coupling characteristics between multistage gears. erefore, it is necessary to further investigate the nonlinear dynamic characteristics of a multistage gear transmission system wear fault.
For wear fault diagnosis, most of the studies mainly use the signal processing method to extract fault signals, such as the gear wear monitoring by a modulation signal bispectrum based on motor current signal analysis [12] , helical gear wear monitoring [13] , and fault diagnosis of gear wearing based on order spectrum analysis [14] . Plint and Alliston-Greiner [15] proposed a new wear criterion: the energy pulse. He [16] proposed a novel nonlinear time-frequency feature based on a time-frequency manifold (TFM) technique. Liu et al. [17] proposed a dynamic wear prediction methodology to investigate the coupling effects between surface wear and the dynamics of spur gear systems. is paper will also use the nonlinear wear fault time-frequency characteristics to present a diagnostic method for wear faults.
In this paper, a nonlinear dynamic model of a multistage gear transmission system consisting of a two-stage fixed-axis gear and a one-stage planetary gear was established. e simulation method was used to analyze the bifurcation characteristics of the system under different clearances to determine the wear excitation frequency range and the changes in the system motion state to understand the frequency characteristics of the system. e transition process and fault frequency characteristics of each motion state under different excitation frequencies are discussed. e vibration mechanism and a diagnostic method of wear fault were obtained.
Torsion Dynamics Model of a Multistage Gear Transmission System.
e system studied in this paper is a test rig with a multistage gear transmission system that contains a two-stage, fixed-axis gear and a one-stage planetary gear, where spur gears 1 and 2 compose the 1 st stage fixed-axis gear for the input, spur gears 3 and 4 compose the 2 nd stage fixed-axis gear, and the planet carrier is for the output. e torsional dynamic model is established using the lumped mass method (Figure 1 ). e model does not consider the transverse vibration displacement of the gears. e gear parameters are simulated with a spring and a damper.
In Figure 1 , θ s , θ c , θ pn , θ 1 , θ 2 , θ 3 , and θ 4 represent the angular displacements of the sun gear, planet carrier, planetary gear n (n � 1, 2, 3, 4), and spur gears 1, 2, 3, and 4, respectively. roughout this paper, the subscripts s, c, pn, r, and 1, 2, 3, and 4 denote the sun gear, planet carrier, planetary gear, ring gear, and spur gears 1, 2, 3, and 4, respectively. e quantities r s , r c , r pn , r 1 , r 2 , r 3 , and r 4 are the base circle radius values of the gears. e quantities K spn (t), K rpn (t), K 1 (t), and K 2 (t) denote the meshing stiffness of the sun gear with planetary gear n, the ring gear with planetary gear n, the 1 st stage fixed gear, and the 2 nd stage fixed gear, respectively. e quantities C spn , C rpn , C 1 , and C 2 denote the damping of the sun gear with planetary gear n, the ring gear with planetary gear n, the 1 st stage fixed gear, and the 2 nd stage fixed gear, respectively. T in is the input, and T out is the output.
Motion Differential
Equations of the System. By using the Lagrangian equation, the clearance, time-varying meshing stiffness, and composite error are considered to establish the motion differential equations of the system. After that, the motion differential equation is processed in a dimensionless way. is process has been deduced and described in detail in paper [18] . Only the final system dimensionless motion differential equations are listed here:
(1)
Wear Fault.
e gear tooth surface will wear out with an increase in the running time. e clearance between the teeth will change when wear occurs. When gear teeth are evenly worn, the tooth clearance will be larger than normal. To model wear failure, Flodin and Andersson [19] simulated mild wear in spur gears. Park et al. [20] presented an approximate method to predict the surface wear of hypoid gears using surface interpolation. In this paper, the clearance was controlled by changing the size of the dimensionless composite error amplitude e ai [21] . e bifurcation diagram of the multistage gear transmission system with the change in excitation frequency was calculated in the normal state. According to the clearance calculation formula given by the China national standard GB 2363-90, the dimensionless clearance interval of the meshing gear in the normal state is [0.1, 1].
Nonlinear Dynamic Behavior Analysis of the System with
Increased Gear Wear
System Bifurcation Diagrams with Increased Gear
Wear. By increasing the wear degree of fixed-axis spur gear 1, the influence of fixed-axis gear wear on the excitation frequency range of the multistage gear transmission system was investigated. e minimum clearance of the multistage gear transmission system was selected as the initial state, that is, e ai � 0.1. At this point, the system is in a periodic motion state, and it is easy to observe the changes caused by the fixed-axis gear wear. e variable-step Runge-Kutta method was used to solve the nonlinear differential equations numerically (1). e bifurcation diagrams were investigated when the planetary gear clearance was constant (e aspn � e arpn � 0.1), and the fixed-axis clearance increased gradually (e a1 � e a2 � 0.1∼1) on the meshing points of the 1 st stage fixed-axis gear and the planetary gear with the ring gear, as shown in Figure 2 .
e gear parameters of the multistage gear transmission system are shown in Table 1 .
e pressure angle α � 20°, T in � 6.5 N·m, T out � 8.5 N·m, b i � 5 μm, and the damping ratio of the meshing pairs ξ i � 0.07. ese parameters were derived from the multistage gear transmission system test rig. We set the sampling interval as Ω 1 � 0.01 : 0.01 : 5. Each Ω 1 calculates 80 rotating periods. e number of samples for each rotating period was 256 points. e initial velocity and displacement were set to 0.
e calculation time of the bifurcation diagram was 2820 s.
Figure 2(a) shows that the system is in a single-periodic motion state from the beginning and then changes from single-periodic motion to multiperiodic motion at Ω 1 � 1. When Ω 1 � 3.5, a quasi-periodic motion of the large oscillation occurs. When e a1 � e a2 � 0.2 ( Figure 2(c) ), chaos occurs at Ω 1 � 1.5. However, the chaos soon disappears and becomes periodic motion again.
e large oscillation advances to Ω 1 � 3.2.
e wear continues to increase (Figure 2(e) ), and the chaos range increases. e interval of Ω 1 ∈[0.5, 1.6] is all chaotic. When e a1 � e a2 � 0.8 ( Figure 2(g) ), the interval of Ω 1 ∈[0.5, 0.85] degenerates into periodic motion. However, the vibration amplitude of the chaotic motion range Ω 1 ∈[0.85, 1.6] increases dramatically. When e a1 � e a2 � 1 (Figure 2(i) ), the chaotic interval is [0.9, 1.6], and the chaotic amplitude increases further. e large oscillation range is in advance of the raising process of e a1 , which is already Ω 1 � 2.3.
On the meshing point of the planetary gear, the system is always in a state of periodic motion because of its small initial setting. When the fixed-axis gear clearance begins to increase, the motion state of the planetary gear is not affected (Figure 2(d) ).
e fixed-axis gear clearance continues to increase, the chaotic motion of the fixed-axis gear is transmitted to the planetary gear, and the planetary gear also presents a small chaotic characteristic (Figure 2(f ) ). When the fixed-axis gear clearance continues to increase, the amplitude of the fixed-axis gear chaotic motion increases significantly, leading to the synchronous
Figure 1: Torsional dynamic model of the multistage gear transmission system [18] (reproduced from Wang [18] (under the creative commons attribution license/public domain)).
Shock and Vibration 3 (Figure 2(h) ). In Figure 2 (j), the planetary gear and the fixed-axis gear show synchronization in the chaotic motion and periodic oscillation interval. At this time, the planetary gear is mainly affected by the fixed-axis gear vibration, and it reflects the vibration characteristics of the fixed-axis gears. Figure 2 shows that the increased gear clearance of the fixed axis mainly affects the excitation frequency range of [0.5, 1.6] showing that the vibration of the system in this 
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interval is mainly affected by the characteristics of the fixedaxis gear. e clearance of the planetary gear mainly influences the interval where the excitation frequency is greater than 3, and this result has been described in another paper by the author in [22] .
Frequency Characteristics of the Fixed-Axis Gear under
Different Excitation Frequencies. Section 1.2.1 shows that with the increase in the clearance, the system changes from single-periodic motion to multiperiodic, chaos, and quasiperiodic motions. To understand the fault frequency characteristics of the system in each motion state, more detailed analyses of the time domain, the frequency domain, the phase diagram, and the Poincaré section of each motion state are required. e large clearance state is (Figure 2(g) ) selected as the study object. At this time, the system includes all types of motion states. e wear failure is relatively serious, and the characteristics are more obvious. e dimensionless gear characteristic frequencies in the multistage gear transmission system are shown in Table 2 .
In Figure 2 (g), when e a1 � e a2 � 0.8, the time-domain diagrams, frequency-domain diagrams, phase diagrams, and Poincaré section diagrams of the 1 st stage fixed-axis gear are calculated on each excitation frequency to obtain Figures 3-14.
As shown in Figure 3 , when the excitation frequency is very low, the system is in single-periodic motion. e amplitude of vibration is very small. e Poincaré section is a point. ere is only one frequency component in the spectrum, that is, the 1 st stage meshing frequency f 1 . As the excitation frequency increases (Figures 4 and 5) , the system enters multiperiodic motion.
e time-domain vibration amplitude increases.
e Poincaré section changes from a point to double ellipses. Since the periodic motion is maintained, the frequency component is still 1 st stage meshing frequency f 1 , and the frequency amplitude increases significantly. As the excitation frequency continues to increase ( Figures 6-9(c) ), the system moves from multiperiodic motion to chaos due to increased collision motion. In the spectrum shown in Figures 6-9(d), the 2 nd stage meshing frequency f 2 appears. en, the chaotic motion enters the limit cycle through Hopf bifurcation, as shown in Figures 10-12(c) . As the excitation frequency continues to increase, the system maintains a quasi-periodic motion state (limit cycle state) and presents torus doubling ( Figures 13 and 14(c) ). e amplitude of the 1 st stage meshing frequency f 1 is held constant in the spectrum, and the amplitude of the 2 nd stage meshing frequency f 2 gradually decreases (Figures 13 and 14(d) ).
When the clearance of the fixed-axis gear increases, the chaotic motion of the system is caused by the collision, and the fault feature of the 2 nd stage meshing frequency appears in the spectrum. e clearance size determines the speed of the system entering chaos. e larger the clearance is, the faster the system moves into the chaotic motion state and the faster the system will degenerate from chaos to quasiperiodic motion.
e wear degree of the system can be monitored through the motion state and frequency characteristics of the system to predict the system wear fault in advance. Figure 15 shows a multistage gear transmission test rig consisting of a twostage fixed-axis gear and a one-stage planetary gear. According to the actual rotation speed of the motor, the operating state occurs when the excitation frequency Ω 1 � 1 (corresponding to a motor frequency of 30 Hz) is selected. Signal testing and analysis were performed on the test rig.
Test Signal Identification and Diagnosis.
e parameters are shown in Table 1 . To facilitate comparison with simulation results, the measured spectrum is dimensionless. Figure 16 shows the dimensionless spectrum of the axial measuring point on the drive side of the fixedaxis gearbox when Ω 1 � 1. e dimensionless characteristic frequencies of the gears in the multistage gear transmission system are shown in Table 2 .
Comparing Figure 16 with Figure 6 (d) reveals that the main peaks of the two spectra are similar: all are f 1 , f 2 , and 2f 2 . In Figure 16 , the planetary gear meshing frequency f 3 is larger, indicating that the planetary gear clearance is more than 0.1 (e aspn � e arpn >0.1) at this time. Due to the obvious amplitude of f 2 , the motion state of the fixed-axis gear is initially judged to be chaotic motion, and the clearance condition is e a1 � e a2 � 0.8. However, according to Figures 2(e), 2(g), and 2(i), when the excitation frequency is 1, the interval [0.4, 1] is chaotic; thus, it is necessary to perform more detailed spectrum analysis (Figure 17 ) to determine the degree of wear. Figure 17 shows that the main peaks are f 1 and (1/2)f 1 when e a1 � e a2 � 0.4-0.5. For e a1 � e a2 � 0.6-1, the main peaks are f 1 , f 2 , and 2f 2 . e amplitudes of f 2 and 2f 2 are relatively stable, but the amplitude of f 1 increases as the clearance increases. According to the proportional relationship between the amplitudes of f 1 and f 2 in Figure 16 , the degree of wear failure is predicted to be approximately 0.8-0. 9 .
An open-case inspection of the test rig revealed that there was severe wear on the 1 st stage fixed-axis gears (Figure 18 ), and the gear clearance was e a1 ≈4 μm. is conclusion is the same conclusion that was reached in the theoretical study.
Conclusions
e wear degree of the fixed-axis gear in a test rig was judged based on the frequency spectrum characteristics of the wear fault. By changing the fixed-axis gear clearance, the wear failure of the fixed-axis gear was simulated, and the bifurcation diagrams of the fixed-axis gear with different clearances were analyzed. e changes of the motion state of the system were investigated. e vibration mechanism of the system with wear failure was summarized.
e study found that the wear failure of the fixed-axis gear mainly affects the excitation frequency range of [0.5, 1.6]. With the increase in wear, the periodic motion of the system becomes chaotic. e more serious the wear is, the more the chaotic 
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Using a test signal from the test rig at a certain excitation frequency, the motion state of the system was determined based on the motion state characteristics in the theoretical results, and the wear degree of the gear was roughly inferred.
en, the frequency spectra of different wear degrees were compared at the excitation frequency. Finally, the degree of Figure 17 : Frequency spectra for each clearance when Ω 1 � 1: (a) e a1 � e a2 � 0.4, (b) e a1 � e a2 � 0.5, (c) e a1 � e a2 � 0.6, (d) e a1 � e a2 � 0.7, (e) e a1 � e a2 � 0.8, (f ) e a1 � e a2 � 0.9, and (g) e a1 � e a2 � 1.
wear of the test rig gears was determined. e experimental results were the same as the theoretical results.
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